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Abstract 
Theoretical results a re  presented for the buckling of anisotropic plates. The plates a re  
subjected to simple and combined inplane loading. The plates a r e  made from fiber com- 
posite material of boron/aluminum o r  high modulus graphite/r~sin. The results are  pre- 
sented in nondirnensional form a s  buckling load versus fiber orientation angle for various 
plate aspect ratios. 
1. INTRODUCTION 
Feasibility studies for the Space Shuttle have indicated 
that the use of advanced fiber composite structural com- 
ponents can result in a considerable increase in payload 
in the shuttle system. ~oron/aluminum and graphite/ 
resin fiber composites are  leading contenders for shut- 
tle applications because these composites offer high 
stiffness-to-density and high strength-to-density ratios. 
Panels made from these materials will have to meet 
both material strength and buckling requirements. This 
paper will deal with a theoretical investigation of the 
buckling of flat rectangular panels made from boron/al- 
uminum and Thornel-75/Epoxy fiber composites. 
Several papers have appeared recently dealing with the 
buckling of anisotropic plates. (I-*) However, design 
data are  not available for flat panels subjected to com- 
pressive loads and made from advanced fiber compos- 
ites such a s  boron/aluminum and graphite/resin. The 
method described in Reference 3 has proved efficient in 
buckling studies of boron/epoxy plates. This method is 
used herein to generate design data for boron/aluminum 
plates. Some data for Thornel-75 graphite/epoxy/resin 
plates a re  also generated for comparison purposes. 
Data were generated for plate aspect ratios of l/2, 1 ,  - 
2 ,  and 4. 
The panels considered a re  anisotropic and simply sup- 
ported. They a re  subjected to combined inplane (normal 
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and shear) loads (Fig. 1). The material is a unidiree- 
tional composite with the fiber direction oriented at an 
arbitrary angle to the load direction (Fig. I). The ana- 
lytical algorithm used is the assumed mode metbod In 
conjunction with the Galerkin method. A colnputes code 
was developed based on the Galerkin method and the code 
was used to generate the theoretical design data present- 
ed herein. A brief description of the analDicaI method 
is given in the report. The numerical algorithm used to 
solve the resulting eigenvalue problem and a listing of 
the computer program with sample eases a re  given in 
appendices B and C of Reference 11. 
2. BRIEF DESCRIPTION OF UNDFRLmG THEORY 
The underlying theory for buckling loads of anisotropic 
plates is discussed in Reference 3 with pertinent discus- 
sions in Rfferences 6-8. Briefly, this theory consists of 
expressing the potential energy of a plate in terms of 
displacement variables. Taking the variation of the po- 
tential energy function yields the field equation and the 
corresponding boundary conditions. The resulting sys- 
tem then is solved by the assumed inode technique in con- 
junction with the Galerkin method. 
The resulting equation after the variation of the energy 
function is given a s  follows: 
,-a ,-b fication, fiber volume ratio, orientation angle, plate - .
[Dllw, xxxx+2(D12+2D33)~, +D w aspect ratio, and flexural rigidities (bending stiffness) XXYY 22 'yyYY The outputs a re  the number of terms in the assumed 
mode series expansion required for convergence, the 
+ 4D1 3 ~ ,  xyxx+ 4D23w, xyyy relative e r ror  between the two last iteration cycles, the buckling load and topo-plot data of the buckled shape of 
-(Nxw, ,+2Nxyw, +Nyw, yy)] 6~ dy dx the plate normalized with respect .to the largest deflec- 
xy tion. 
f b  (DIlw7 xx+D12W, yy+2D13wt w) I)W* xdY The alogrithm runs into difficulty when the shear buck- 
ling load of a plate i s  sought. In this particular case, 
the difficulty i s  overcomed by including normal loads 
r a  I b which a re  a very small fraction of the shear load. Fur- 
dx=o ther discussion on why these difficulties arise are  de-  
scribed in Reference 3. 
where D represents plate bending stiffness about the 
structural axis; w represents the out-of-plane displace- 
ment; (, ) represents partial differentiation with respect 
to the variables following the comma; represents the 
in-plane applied load whose directions are  identified by 
the subscript(s); 6 denotes the variation of the function 
following it; and a and b are  the plate dimensions. 
See also Figure 1 .  Note, the area integral in Equa- 
tion (1) represents the field equation and the line inte- 
grals represent the boundary conditions. 
The assumed buckling mode described in Reference 3 i s  
represented by a Fourrier double sine series. This 
mode satisfies the imposed boundary conditions, but, it 
does not satisfy the natural boundary conditions if the 
material and structural axes do not coincide. However, 
the mode i s  forced to satisfy the natural boundary condi- 
tions approximately through the Galerkin method a s  dis- 
cussed in Reference 3. 
Substituting the assumed mode in Fquation (I) ,  applying 
the Galerkin method and carrying out the algebra, re-  
sults in a set of linear equations which represent the 
eigenvalue problem of the plate. This system i s  coupled 
for either a combination of shear and normal loads and/ 
o r  noncoincident material and structural axes. 
The eigenvalue problem is solved using the Power meth- 
od which i s  a highly effective iterative numerical tech- 
nique in seeking the largest eigenvalue of the system. 
The indicia1 equations which were used to generate this 
system and the Power method are  given in appendix B of 
Reference 11 and in Reference 3. 
3. BRIEF DESCRIPTION OF COMPUTER PROGRAM 
The numerical algorithm described in appendix I3(l1) 
has been developed into a computer code which i s  rather 
simple and can be enerated from the information sup- 
plied in appendix B$l1) o r  Reference 3 A st ing of the 
computer program i s  given in appendix C, (') with sam- 
ple cases for both input and output. 
The inputs to the code are: composite system indenti- 
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4. THFORETICAL DF61GN DATA 
The theoretical design data generated herein are  based 
on the schematic illustrated in Figure I Note, that in 
this figure, the type of loading condition, the plate geom- 
etry, and the fiber orientation are defined. The x-y co- 
ordinate reference system i s  referred "io a s  the struc- 
tural axes system. The fiber direction co-ordinate sye- 
tem which is located at the angle B from the structural 
axes system is referred to a s  the material axes system 
The loading conditions a re  identified by Nx, N , and 
Nxy i s  noted in the figure. Y 
The bending stiffnesses required in calculatnng the buek- 
ling loads were calculated using the computer code de- 
scribed in Reference 9. Typical values of the elastic 
constants of the plate along i ts  material axes are  given 
in Table 1 for boron/aluminum and Thornel-'SB/resin 
composites with a fiber volume ratio of 0 . 5  The flex- 
ural rigidities are  computed a s  functions of the orlenta- 
tion angle using the data in Table 1 
4.1 BUCKLING OF BORON/ALUMINUM AND THORNEL- 
75/RESIN PANELS 
Buckling loads for a single loading condition for panels 
from boron/aluminum and Thornel-15/epxg: a re  rllus- 
trated in Figure 2, where the specific buckling stress 
has been plotted a s  a function of the orientation angle for 
an aspect ratio of 2. The schematic in the figure illus- 
trates the type of load condition a s  well as  the orientatbn 
angle. As can be seen, in this figure, boron/alurninum 
composites are  more efficiently utilized than Thornel- 
75/resin composites in structures which a re  critical in 
buckling a s  meamred by the specific buckling stress. 
Buckling load comparisons where the panels are  loaded 
in the y-direction a re  illustrated in Figure 3 .  In this 
figure, it i s  seen that the boron/aluminum composite 
panel is considerably stronger in buckling than the eor- 
responding Thornel-75/epoxy panel. In this plot, the 
nondimensional buckling load parameter i s  ploa;ted a s  a 
function of the orientation angle for the fixed panel as- 
pect ratio of 2. 
4 2 BUCKLING LOADS FOR INDIVIDUAL LOADING orientation angle for aspect ratios greater than one 
CONDITIONS The buckling load i s  sensitive to panel aspect ratro for 
aspect ratios less  o r  equal to two. This dependence bc- 
Design data for boron/aluminum panels which are sub- comes insignificant for panel aspect ratios greater than 
jected to compressive load in the x-direction a re  illus- 
trated in Figure 4 for various aspect ratios and orienta- 
tion angles. In this figure the nondimensional buckling 
load parameter i s  plotted as  a function of the orienta- 
tion angle for various aspect ratios. The important 
point to be noted from this figure i s  that the buckling 
load is independent, o r  allnost independent, of orienta- 
tion angle in panels where the aspect ratio i s  approxi- 
mately greater than one. Another point to be noted is  
that the buckling load depends only moderately on the 
orientation angle in panels of aspect ratio less  than one. 
A cross-plot of Figure 4 is  illustrated in Figure 5. The 
nondiinensional load i s  plotted a s  a function of panel as- 
pect ratio for various orientation angles. The insensi- 
tivity of the buckling load a s  a function of orientation 
angle in panels with aspect ratio greater than about one 
i s  clearly illustrated in this figure. The dashed line 
symbol i s  used to represent these curves to emphasize 
two. The curves of the buckling load a s  a function of the 
independent variables indicated in Flgure 8 ,  parallel the 
curves of the buckling loads indicated in Frgvres 4 and 6 ,  
for the individual loadings. 
Buckling loads for the case when the panelis loaded in 
the x-direction combined with shear a re  shown in Fig- 
ure 9 .  The curves of the buckling load for this loading 
condition is parallel to that of the individual cases 
(Figs. 4 and 7). Buckling loads for the case when the 
panel i s  loaded in the y-direction combined with shear 
are  illustrated in Figure 10. The buckling load in this 
figure seems to be practically independent of orientatbn 
angle for the aspect ratios investigated. However, it is 
quite sensitive to the panel aspect ratio for aspect ratios 
less  than two. 
4.4 BUCKLING LOADS FOR THREE EQUAL SIMULTA- 
NEOUS LOADINGS 
that buckling load values were computed only at the as- 
pect ratios 1/2, 1 ,  2, and 4. Buckling loads for panels which are loaded in the x and 
y-directions combined with shear are shown in Figure 1.1 
BucBling loads for panels which are  loaded in the y- The schematic in this figure indicates the type of load- 
direction only are  given in Figure 6. As can be seen, ings and their respective ratios. The nondimensional 
in this figure, the buckling loads a re  almost independ- buckling load i s  plotted a s  a function of orientation angle 
ent of the orientation angle in panels with aspect ratios for various panel aspect ratios. 
of 1/2 and greater. The buckling load on the other hand, 
i s  very scnsitive to the aspect ratio in panels with as- 
pect ratios of approximately less  than two. 
Buckling loads for a boron/aluminum composite panel 
loaded with shear only are  illustrated in Figure 7 .  The 
points to be noted in this figure a re  the following: 
(1) There is  a mild buclding load dependence on the 
orientation angle for panel aspect ratios of less  
than about one. 
(2) The buckling load is relatively independent of 
orientation angle for panel aspect ratios of great- 
Comparing corresponding curves from Figures 8 and E l ,  
i t  i s  seen that the addition of the shearing load decreases 
the buckling load of the panel only slrghtly The point to 
be noted then is, that a panel subjected to covnpresstve 
loads in the x and y-direction will resist almost an 6 qual 
amount of shearing load for appro:iimateiy the same 
buckling load. 
4 .5 BUCKLING LOAD FOR TWO OR THREE UNEQUAL 
SIMULTANEOUS LOADINGS 
e r  than about one. Buckling loads for panels which are  subjected to unequal 
(3) The buckling load is very sensitive to the aspect loads in the x and y-directions are  shown m F ~ g u r e  1 2  
ratio less  than two, and this dependence becomes The type of loading condition and respectme loading mag- 
rather insignificant for panel aspect ratios great- nitudes a re  illustrated in the sketch glven in the frgure. 
e r  than two. In this figure, the nondimensional buckling load param- 
eter is plotted a s  a function of the orientatron angle for 
4.3 BUCKLING LOADS FOR TWO EQUAL SIMULTANE- various aspect ratios. The curves of the buckling load 
OUS LOADINGS for this type of loading condition parallel those of the 
cases with equal loading condition, a s  was previously 
Buckling loads, when the panel is loaded with equal discussed (see Fig. 8). One additional point to be noted, 
loads in the x- and y-direction, are  shown in Figure 8. is that, the buckling loads of panels witln aspect ratios of 
In this figure, the nondimensional buckling load param- greater than about two, remain almost invariant a s  a 
eter i s  plotted a s  a function of orientation angle for function of aspect ratio when the orientation angle i s  
various panel aspect ratios. greater than about 45O. 
The results in this figure show that the buckling load i s  Buckling data for panels loaded with unequal combined 
slightly dependent on the orientation angle for panel as- loading conditions a r e  illustrated in Figure 1.3. The load- 
pect ratios less  than one, and practically independent of ing condition for the panel i s  illustrated in the schematic 
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in the figure. The buckling load is plotted a s  a function 
of orientation angle for various aspect ratios. A point 
to note, in this figure. i s  that, a t  some orientation an- 
gles, panels with aspect ratios of greater than two could 
have greater buckling loads than panels with aspect ratio 
of two. As can be seen, the buckling load for panels 
with aspect ratio of approsimately two is  lower than the 
panel with aspect ratio of four when the orientation an- 
gle is approximately less  than 45". 
All the buckling data presented and discussed indicate 
that the buckling load i s  insensitive to orientation angle 
for panels with high aspect ratios. The buckling load i s  
mildly sensitive to the orientation angle in panels with 
low aspect ratios. This observation leads to the impor- 
tant conclusion that the buckling loads of broa/alumin- 
uin colnposite anisotropic plates can be approximately 
deterlniued using classical orthotropic theory. This 
conclusion is  indeed a useful one, since the buckling of 
orthotropic plates has been extensively treated in Refer- 
ence 5. 
,$. POSSIBLE EXTRAPOLATIONS OF DESIGN DATA 
The design data presented and discussed were based on 
a fixed fiber volume ratio of 0.5. The data presented 
herein can be used to extrapolate buckling loads for 
plates made fi-om composites with different fiber rol- 
ume ratio. The results will be very close if the varia- 
tion of the fiber volun~e ratio is within approsimately 
+20 percent of the 0.5 value which was used in generat- 
ing the design data. 
'rhe extrapolation recomlnended above i s  justified since 
the nondilnensiol~al buckling load is nondimensionalized 
with respect to both composite longitudinal nlodules and 
thicltness. It is  well lmown that both colnposite inoduli 
and thickness depend on the fiber volume ratio(lO) and 
that this dependence is  approximately linear in the fiber 
volume ratio range 0 . 3  to 0.6. In this sense, then, the 
cstrapolation using the design data presented herein for 
fiber volume ratios within a20 percent of 0.5 should 
yield reasonable results. 
G.  COKCLUSIONS 
The discussion of the theoretical design data presented 
leads to the following conclusions: 
(1) Design data for the buckling of unidirectional 
I~oron/'aluminun~ panels with fibers oriented at  
any angle to the load direction have been genera- 
ted. and a re  reported herein. 
(2) Specific I~ucliling s t ress  colnparisons showed that 
boron/Hlumiuum coinwsite panels a re  lnort2 effi- 
cient than high ~nodulus graphite/resin compos- 
ites yanels in general. 
(3)  The bucliling load of boron/alumiaum unidirec- 
tional panels is practically independent of fiber 
direction :tt high aspect ratio values. At these 
aspect ratios, the plate can be assumed to have 
its material axes coincide with its structural axes. 
Consequently, classical buckling theory of orth- 
tropic plates can be used to predict the buckling 
load. 
(4) The buckling loads of bron/aluininum unidirec- 
tional panels is  only modestly dependent on fiber 
direction at  plate aspect ratios of less than one. 
(5) Boron/aluminum composite panels loaded by nor- 
mal in-plane loads which a re  near the critical 
load can carry considerable shear load before 
they buckle. 
(6) The buckling loads of boron/aluminum panels a r e  
practically independent of aspect ratio and load- 
ing condition at aspect ratios greater than about 
two. 
(7) The buckling loads of panels with fiber volume 
ratio within approximately 120 percent from 0.5 
can be extrapolated from the design data present- 
ed herein, using the appropriate panel thickness 
and the appropriate composite longitudinal modu- 
lus. 
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TABLE I. - THEORETICAL UNIDIRECTIONAL COMPOSITE PROPERTIES AT FVR = 0 - 5  
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Figure 1. - Fiber-composite plate geometry and loading - al l  four  edges simply supporied 
(aspect rat io = alb). 
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ORIENTATION ANGLE, 8 
Figure 2. - Specific buckling stress of two fiber composites 
plates - simply-supported four edges. FVR = 0.5. 
(alb) = 2. 
," 
ORIENTATION ANGLE, 0 
Figure 3. 
edges. 
- Buckling loads for two fiber composite plates - simply supported four 
FVR - 0.5. (alb) = 2. 
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Figure 4. - Buckling loads for boronla luminum composite plates - 
simply supported four  edges wi th FVR = 0.5 and subjected t o  normal  iNxl  
compressive load. 
0 1 2 3 4 5 
ASPECT RATIO, alb 
Figure 5. - Buckling loads for boronlaluminum composite 
plates with FVR = 0.5. Simply supported four edges and 
subjected to  normal (Nx) load. 
IY N.. 
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Figure 6. - Buckling loads for boronlaluminum composite 
plates with FVR = 0.5, simply supported four edges and 
subjected to normal (Nyl compressive load. 
(FIBER 
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Figure 7. - Buckl ing loads for boronla luminum composite 
plates w i th  RIR = 0.5, simply supported four  edges and 
subjected t o  shear INxy) load. 
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Figure 8. - Buckl ing loads for boronla luminum composite 
plates wi th RIR = 0.5, simply supported four  edges and 
subjected t o  combined normal compressive (Nx = N 1 loads. Y 
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Figure 9. - Buckling loads for boronlaluminum composite 
plates with N R  = 0.5, simply supported four edaes and 
subjected to combined normal ( ~ i l . a n d  shear (N; = Nx) 
loads. 
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Figure 10. - Buckling loads for boronlaluminum composite 
plates with N R  = 0.5, simply supported four edges and 
subjected to combined normal (Ny) and shear (N = N 
loads. xy Y 
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Figure 11. - Buckling loads for boronlaluminum composite 
plates with N R  = 0.5, simply supported four edges and 
subjected to  combined normal (N = Nx) and shear 
(N = Nx) loads. Y 
xy 
. .. 
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Figure 12. - Buckling loads for boronlaluminum composite 
plates with N R  = 0.5, simply supported four edges and 
subjected to combined normal (Ny = ( 1/2)Nx) loads. 
afb 
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Figure 13. - Buckling loads for boronlaluminum composite 
plates with FVR = 0.5, simply supported four edges and 
subjected to  combined normal (Ny = (l/2)Nx) and shear 
(Nw = ( U2)Nx) loads. 
